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We study how symmetry can enrich strong-randomness quantum critical points and phases, and
lead to robust topological edge modes coexisting with critical bulk fluctuations. These are the disor-
dered analogues of gapless topological phases. Using real-space and density matrix renormalization
group approaches, we analyze the boundary and bulk critical behavior of such symmetry-enriched
random quantum spin chains. We uncover a new class of symmetry-enriched infinite randomness
fixed points: while local bulk properties are indistinguishable from conventional random singlet
phases, nonlocal observables and boundary critical behavior are controlled by a different renormal-
ization group fixed point.
Topological phases form a cornerstone of modern con-
densed matter physics, extending beyond the Landau-
Ginzburg paradigm of symmetry-breaking order. An
especially important class of topological states are
Symmetry-Protected Topological (SPT) phases [1–11],
which are gapped systems characterized by non-local
order parameters and symmetry-protected topological
edge modes. Prominent examples of SPT phases in-
clude fermionic topological insulators [12–19]—protected
by time-reversal and charge conservation symmetry—
or the Haldane phase in quantum spin chains [20–23]—
protected by spin-rotation symmetry.
Recently, the concept of SPT order was extended to
gapless systems [24–56]: surprisingly, many of the key
features of SPT physics carry over to the gapless case,
despite the non-trivial coupling between topological edge
modes and bulk critical fluctuations. It is also helpful
to think of gapless SPT (gSPT) states [45] as symmetry-
enriched quantum critical points (SEQCP) [54], where
global symmetries can enrich the critical behavior of crit-
ical systems. This led to the discovery of new critical
points and phases with unusual nonlocal scaling opera-
tors which imply an anomalous surface critical behavior,
and symmetry-protected topological edge modes. In cer-
tain cases, such SEQCPs are naturally realized as phase
transitions separating SPT and symmetry-broken phases:
while the bulk universality class is locally dictated by
the Landau-Ginzburg theory of spontaneous symmetry-
breaking, the nonlocal operators and the surface critical
behavior are affected by the neighboring SPT phase.
In this work, we show that the mechanism protecting
gapless SPT phases persists upon adding disorder. We fo-
cus on one-dimensional systems, where the bulk critical-
ity flows to infinite-randomness fixed points [57–62]. We
first discuss the paradigmatic infinite-randomness Ising
criticality, where we find that—similar to the clean case
[54]—there are topologically distinct versions in the pres-
ence of an additional ZT2 symmetry. We find that one
of these classes has topologically-protected edge states.
Whilst this is a finite-tuned critical point, our second
example is a stable “random singlet” phase of matter.
Moreover, in the latter case, there are additional gapped
degrees of freedom which are able to make the edge mode
exponentially-localized.
Ising? transition. We consider the spin-1/2 chain
H = −
∑
i
JiZiZi+1−
∑
i
hiXi−
∑
i
giZi−1XiZi+1, (1)
where X,Y, Z denote the Pauli matrices. The model has
a Z2 spin-flip symmetry (generated by P =
∏
iXi) and a
time-reversal symmetry ZT2 (acting as the complex con-
jugation T = K). Let us first consider the clean case,
where the coefficients Ji ≡ J , hi ≡ h and gi ≡ g are
site-independent. In this case, the J, h, g ≥ 0 terms re-
spectively drive the system towards ferromagnetic (FM),
trivial paramagnetic (PM) and Z2 × ZT2 symmetry pro-
tected topological (SPT) [63–67] phases, the latter some-
times being called the cluster or Haldane SPT phase. The
phase diagram is shown in Fig. 1(a), with the gray solid
lines indicating Ising criticalities.
Although the FM-PM and FM-SPT transition are both
described by the Ising conformal field theory (CFT), the
time-reversal symmetry acts differently on the disorder
operator, leading to different symmetry enriched CFTs
(or gapless SPTs) [45, 48, 51, 54, 56]. To briefly review
this, note that an Ising CFT has a unique local and a
unique nonlocal scaling operator with scaling dimension
∆ = 1/8, commonly denoted by σ and µ, respectively.
These are the order parameters of the nearby phases, i.e.,
σ(x) ∼ Zn is the Ising order parameter, whereas the dis-
order operator µ(x) is the Kramers-Wannier-dual string
order parameter of the symmetry-preserving phase. In
the trivial PM, µ(x) ∼ · · ·Xn−2Xn−1Xn, whereas in the
SPT phase, µ(x) ∼ · · ·Xn−2Xn−1YnZn+1 [53, 54, 68, 69].
We see that the two Ising critical lines are distinguished
by the discrete invariant TµT = ±µ [54]. This means
they must be separated by a phase transition. Indeed,
in Fig. 1(a) they meet at a multicritical point where the
central charge is c = 1.
We refer to the non-trivial case, where the nonlocal
bulk operator is charged TµT = −µ, as Ising?. This sup-
ports a localized zero-energy edge state [54]. Intuitively,
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FIG. 1. Random Ising? transition (a) Phase diagram
of the random Ising Hamiltonian (1) for clean (solid lines)
and disordered (dotted lines), showing the topological wind-
ing number ω for the dual fermionic description (see main
text). (b) Entanglement entropy scaling and (c) dynamical
scaling (collected over 104 realizations) at the Ising? fixed
point. (d) Boundary magnetization under small Zeeman field.
(e) Finite-size energy splitting of boundary spins at the Ising?
transition. (f) Spin-spin correlations (averaged over 1.5× 105
realizations). Calculations are performed using the SBRG
method on a 512-site spin chain.
the edge of the Ising? criticality spontaneously breaks the
Ising Z2 symmetry. This unusual degenerate boundary
fixed point is stable since µ is charged and hence cannot
be used to disorder the boundary. The finite-size split-
ting of this edge mode is parametrically faster than the
finite-size bulk gap ∼ 1/L. In particular, if the model
is dual to free-fermions (such as Eq. (1)) then the edge
mode is exponentially-localized [48] whereas with inter-
actions, the splitting becomes ∼ 1/L14 [54].
Random Ising? transition. We now study the fate
of Ising? upon disordering the system. The coefficients
Ji, hi and gi in Eq. (1) are now independently drawn from
power-law distributions P (J) = (J/J0)
1/Γ/(ΓJ) for J ∈
[0, J0] (similarly for P (h) and P (g)), where Γ controls
the width of the distribution in logarithmic scale. The
limit Γ → 0 would recover the clean case. We will take
Γ = 1, i.e., the uniform distribution.
In the presence of randomness, the Ising CFT flows
towards the infinite-randomness fixed point (Γ → ∞)
[59, 61]. We will explore the symmetry enriched infinite-
randomness fixed point as the many-body localized coun-
terpart of gapless SPT states. The disordered phase di-
agram is shown in Fig. 1(a), which is qualitatively un-
changed from the clean case. This was obtained by map-
ping Eq. (1) to free fermions (using a Jordan-Wigner
transformation) and using the transfer matrix method
to determine the topological winding number ω [70]; in
this case the PM, FM and SPT phases map to the trivial
(ω = 0), Kitaev chain (ω = 1) and two Kitaev chains
(ω = 2). In the original spin chain language, one can
interpret ω as encoding the ground state degeneracy 2ω
with open boundary conditions, which is 0, 2 and 4, re-
spectively.
Similar to the Ising CFT, the infinite-randomness Ising
fixed point also has a local σ and nonlocal µ scaling
operator. While their scaling dimensions have changed
(∆bulk = 1 − ϕ/2 ≈ 0.191 where ϕ = 12 (1 +
√
5) is the
golden ratio [61]), their lattice expressions are as before—
indeed, the nearby gapped phases are still characterized
by the same order parameters. We thus still have the bulk
topological invariant TµT = ±µ, distinguishing two dis-
tinct symmetry-enriched infinite-randomness Ising fixed
points, which we refer to as the Ising and Ising?. For the
same reasons as before, we expect that the disordered
Ising? criticality has spontaneously-fixed boundary con-
ditions. This would come with at least three physical
fingerprints: (i) a nonzero spontaneous magnetization at
the boundary, (ii) a degenerate edge mode whose finite-
size splitting is parametrically smaller than the bulk gap,
and (iii) spin-spin correlations near the boundary should
have a boundary scaling dimension [71, 72] ∆bdyσ = 1/2
(or 0) for free (or spontaneously-fixed) boundary condi-
tion, characterizing the Ising (Ising?) case.
We now test these predictions numerically. Because
we will be interested in including interactions, we use
the spectrum bifurcation renormalization group (SBRG)
method [73–76], which is a numerical real-space renor-
malization group approach that progressively transforms
the original Hamiltonian H to its diagonal form HMBL =∑
a aτa +
∑
ab abτaτb + · · · as a many-body localization
(MBL) effective Hamiltonian [77–79], and constructs the
(approximate) local integrals of motion τa of the MBL
system in the form of Pauli strings. The approxima-
tion is asymptotically exact in the strong-disorder limit.
The rescaled parameters (J˜ , h˜, g˜) ≡ (J0, h0, g0)1/Γ are in-
variant under the renormalization group (RG) flow, and
should be considered as tuning parameters. SBRG can
be thought of as an implementation of the strong disor-
der real space renormalization group (RSRG) [57–62] and
its generalization to excited states (RSRG-X) [80–83] in
operator space.
SBRG results. We focus on the Ising? transition
at (J˜ , h˜, g˜) = (1, 0, 1) (red dot in Fig. 1(a)), and inves-
tigate its bulk property first. Fig. 1(b) shows that the
entanglement entropy SE grows logarithmically with the
size LA of the entanglement region following SE(LA) =
3(ceff/3) logLA [84, 85]. We observe the “effective central
charge” ceff = (0.51±0.02) log 2, which is consistent with
the expectation ceff =
1
2 log 2 for the infinite-randomness
fixed point in the Ising universality class. Another sig-
nature of the infinite-randomness fixed point is the dy-
namical scaling l ∼ (log t)2 ∼ (− log )2 that relates the
length scale l and the energy scale  [61]. We check this
by examining the relation between the length la of the
Pauli string τa and its corresponding energy coefficient a
in HMBL. Fig. 1(c) confirms the scaling log a ∼ −
√
la.
These evidences justify that the disordered Ising? does
flow to an infinite-randomness fixed point. This is not
surprising since with periodic boundary conditions, Ising
and Ising? are unitarily equivalent.
We now probe the boundary properties. To include
the effect of interactions, we follow Ref. [54] and add
a generic Z2 × ZT2 -symmetric boundary perturbation
HV = −V (X0Z1Z2 + ZL−2ZL−1XL), setting V to be
ten times smaller than the bulk couplings. Microscopi-
cally, this perturbation can flip the boundary Ising spin.
Nevertheless, if we study the boundary magnetization
m = 〈Z0〉 in response to a small Zeeman field hz applied
along the z-axis, we find that it tends to a nonzero limit
as hz → 0 (with hz smaller than the finite-size bulk gap,
but larger than the groundstates splitting, see below),
shown in Fig. 1(d). This is in contrast to the trivial Ising
fixed point, where the boundary magnetization is known
to vanish as m(hz) ∼ 1/| log hz| [71].
Thus the boundary is spontaneously magnetized in
the Ising? case despite the Hamiltonian (1) being sym-
metric. Schematically, on a finite system we have two
spontaneously-fixed ferromagnetic (FM) ground states
|↑L↑R〉 and |↓L↓R〉 (note that these are split from |↑L↓R〉
and |↑R↓L〉 by the critical bulk penalizing antiferromag-
netic states) [45, 54]. The above perturbation HV can
couple these FM states at second order in V , which
should lead to a finite-size splitting. The claim that
we have a ground state degeneracy is only meaning-
ful if this splitting is smaller than the bulk finite-size
gap. To confirm this, we arrange the energy coeffi-
cients a obtained from SBRG in the ascending order
0 < 1 < · · · , and focus on the lowest two. For the
Ising? transition with open boundary condition (OBC),
0 characterizes the smallest energy splitting between
|↑L↑R〉 ± |↓L↓R〉 whereas 1 characterizes the bulk ex-
citation gap. As shown in Fig. 1(e), both splittings 0
and 1 follow a ∼ exp(−αaL1/3) but with different ex-
ponents α0 = 5.4 ± 0.6 and α1 = 2.51 ± 0.02, i.e.,
0 ≈ 12. The finite-size splitting 0 of the symmetry-
protected edge modes decays significantly faster with the
system size L compared to 1. This provides a quan-
titative distinction between the topological edge modes
and the bulk excitations. To further verify this inter-
pretation, we switch to the periodic boundary condition
(PBC), the fast-decaying topological splitting disappears
and the smallest splitting decays with the “bulk” expo-
nent as α0 = 2.45± 0.02.
The Ising and Ising? states can be further distin-
guished by their average boundary-bulk spin-spin corre-
lation functions 〈Z0Zl〉, which decay as ∼ 1/l∆bdyσ +∆bulk ,
where ∆bdyσ (∆
bulk) is the boundary (bulk) scaling di-
mension of the Ising order parameter mentioned before.
We thus predict
〈Z0Zl〉 ∼
{
l−(3−ϕ)/2 ≈ l−0.69 Ising,
l−(2−ϕ)/2 ≈ l−0.19 Ising?. (2)
In Fig. 1(f), we find that the boundary-bulk correlation
follows 〈Z0Zl〉 ∼ l−(0.67±0.08) for Ising and l−(0.20±0.02)
for Ising?, which matches Eq. (2) within error bars. We
also checked that the bulk-bulk correlation 〈ZiZi+l〉 ∼
l−(0.42±0.05) decays with the expected exponent 2∆bulk =
2− ϕ ≈ 0.38 for both Ising and Ising? transitions.
Symmetry-enriched random singlet phase. The
Ising? transition provides a clear example of symmetry-
enriched random quantum critical point, with stretched-
exponentially localized edge modes. It is natural to ask
whether this notion can be extended to random critical
phases, and whether the topological edge modes can be
made exponentially localized despite the absence of a bulk
gap. Here, we answer both questions in the positive, by
introducing a symmetry-enriched random singlet phase.
In order to obtain a critical phase in one dimen-
sion, we consider a system with charge conservation and
particle-hole symmetry. For concreteness, we will fo-
cus on the random antiferromagnetic spin-1/2 XXZ spin
chain HA =
∑
i Ji(X
A
i X
A
i+1+Y
A
i Y
A
i+1+∆iZ
A
i Z
A
i+1), with
Ji > 0 and 0 < ∆i < 1 random couplings specified later.
It has a symmetry group GA = U(1) o ZA2 with the
ZA2 spin flip generated by
∏
iX
A
i , while the U(1) part
corresponds to
∑
i Z
A
i conservation. For uniform cou-
plings, this spin chain is in a Luttinger liquid phase;
while for random couplings, its low energy properties
can be captured by a real-space renormalization group
(RSRG) procedure very similar to the SBRG approach
above (but restricted to the groundstate). The random
XXZ spin chain forms a random singlet phase [60], where
the groundstate is asymptotically made of non-crossing
pairs of singlets of all ranges, with quantum critical prop-
erties similar to the random Ising transition (which itself
can be thought of as a random singlet state of Majorana
fermions). In particular, the entanglement entropy grows
logarithmically with effective central charge ceff = log 2
[85, 86], and the gap closes stretched-exponentially with
system size (dynamical exponent z =∞).
To obtain a topological random singlet phase, we use
the decorated domain walls construction [87] to “twist”
the random XXZ chain. To that effect, we introduce
another spin species B, with Ising symmetry GB = ZB2 ,
with Hamiltonian HB = −
∑
iX
B
i +gBZ
B
i Z
B
i+1. We take
gB  1 so that the B spins are disordered, deep into a
quantum paramagnetic phase. We then couple the two
4models by attaching charges of the GB = ZB2 symmetry
to the domain walls of the A spins. This is achieved by
the unitary transformation U =
∏
DW(A)(−1)(1−Z
B
i )/2,
where the product runs over all the domain walls of the
A spins in the Z basis, with U2 = 1. After unitary
rotation (“twist”) of HA +HB + V , we find
H =
∑
i
Ji
[
ZBi−1(X
A
i X
A
i+1 + Y
A
i Y
A
i+1)Z
B
i+1 + ∆iZ
A
i Z
A
i+1
]
−
∑
i
ZAi X
B
i Z
A
i+1 + gBZ
B
i Z
B
i+1 + V
′, (3)
where V ′ = UV U represents arbitrary small perturba-
tions that preserves the GA × GB symmetry. Following
the terminology of Ref. [45, 51], we refer to Eq. (3) and
HA+HB+V = UHU as the gSPT and gTrivial (gapless,
topologically trivial) Hamiltonians, respectively.
For periodic boundary conditions, H is unitarily re-
lated to HA + HB plus perturbations, and thus corre-
sponds to random singlet A spins coupled to the gapped
paramagnetic B spins. Nevertheless, the two models
are topologically distinct. Like Ising and Ising? above,
they can be distinguished by the charges of nonlocal
scaling operators. In fact, since now there are addi-
tional gapped degrees of freedom, one can consider a
string order parameter with long-range order: in the
trivial case HA + HB this is · · ·XBj−2XBj−1XBj whereas
in the topological case H it is · · ·XBj−2XBj−1XBj ZAj+1.
In the latter case, this string order for the gapped B
variables is charged under GA. This discrete invariant
shows that we have two distinct symmetry-enriched ver-
sions of the same underlying infinite-randomness fixed
point. Relatedly, for open boundary conditions, we have
H = J0∆0Z
A
0 Z
A
1 +Z
A
0 X
B
0 Z
B
1 +Z
B
0 Z
B
1 + . . . , and in the
absence of additional perturbations (V = 0), we see that
[ZA0 , H] = 0, providing an exact edge mode.
DMRG results. Going away from this special limit,
we expect exponentially-localized topological edge modes
to be protected by the finite gap of the B spins, as in
the clean case [45, 51]. To confirm this, we add various
symmetry-preserving terms to the Hamiltonian (3) tak-
ing the B spins away from integrability, further coupling
the A and B spins, and additional boundary perturba-
tions near the edges. In the following, we take Ji and
∆i to be drawn from uniform random distributions, be-
tween [0.1, 1.0] and [0.3, 0.7], respectively; gB = 0.3, and
V = −0.1XBi XBi+1 + 0.1ZAi XBi ZAi+1 where the first term
breaks integrability of the B spins while the second term
couples A and B spins before the unitary twist. We also
add small fields 0.2(XA0 + X
A
N ) + (X
B
0 + X
B
N ) that pre-
serve the ZA2 ×ZB2 symmetry. (Note that those boundary
terms break the U(1)
∑
i Z
A
i conservation at the bound-
ary, but that symmetry is only required to tune the bulk
to criticality, and does not play a role in protecting the
edge modes.)
Because of the non-Abelian symmetry GA of the
gSPT
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15
<latexit sha1_base64="whXPuZwZH9yiU9xQtShWrg/PLoA=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KklV9Fj04rGK/YA2lM120y7dbMLuRCih/8CL B0W8+o+8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecZxwP6IDJULBKFrpwbvslcpuxZ2BLBMvJ2XIUe+Vvrr9mKURV8gkNabjuQn6GdUomOSTYjc1PKFsRAe8Y6miETd+Nrt0Qk6t0idhrG0pJDP190RGI2PGUWA7I4pDs+hNxf +8TorhtZ8JlaTIFZsvClNJMCbTt0lfaM5Qji2hTAt7K2FDqilDG07RhuAtvrxMmtWKd16p3l+Uazd5HAU4hhM4Aw+uoAZ3UIcGMAjhGV7hzRk5L8678zFvXXHymSP4A+fzB/FUjPg=</latexit>
20
<latexit sha1_base64="Jjf8lNV9prSgxvhE0Xat+V06GnU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/Qde PCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh5rbL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif 953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtGpV76Jau7+s1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+tFjPQ=</latexit>
25
<latexit sha1_base64="lglWbAteED5xw1fskoUDIt+qCn0=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KklV9Fj04rGK/YA2lM120i7dbMLuRiih/8CL B0W8+o+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9VC97pbJbcWcgy8TLSRly1Hulr24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1ns0sn5NQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T +vk5rw2s+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpyiDcFbfHmZNKsV77xSvb8o127yOApwDCdwBh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nD/LZjPk=</latexit>
30
<latexit sha1_base64="XOJQXIcVhTzJRbkjCrU2fxFvcDg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0laQY9FLx6r2FpoQ9lsN+3SzSbsToQS+g+8 eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/DEY38z8xyeujYjVA04S7kd0qEQoGEUr3dfdfrniVt05yCrxclKBHM1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTP zP66YYXvmZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpF2revVq7e6i0rjO4yjCCZzCOXhwCQ24hSa0gEEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH+zKjPU=</latexit>
35
<latexit sha1_base64="o8pTmERlZz9PE/HWM/dyNawS+8w=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHZBo0eiF49o5JHAhswOszBhdnYz02tCCH/g xYPGePWPvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1iOOE+xEdKBEKRtFKD9XLXrHklt05yCrxMlKCDPVe8avbj1kacYVMUmM6npugP6EaBZN8WuimhieUjeiAdyxVNOLGn8wvnZIzq/RJGGtbCslc/T0xoZEx4yiwnRHFoVn2Zu J/XifF8NqfCJWkyBVbLApTSTAms7dJX2jOUI4toUwLeythQ6opQxtOwYbgLb+8SpqVslctV+4vSrWbLI48nMApnIMHV1CDO6hDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AH0Xoz6</latexit>
40
<latexit sha1_base64="aY+rW+OcNKXbEUN2/sUeX1d26Pk=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHoxWMV+wFtKJvtpl262YTdiVBC/4EX D4p49R9589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSQ83tl8puxZ2DrBIvJ2XI0eiXvnqDmKURV8gkNabruQn6GdUomOTTYi81PKFsTIe8a6miETd+Nr90Ss6tMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP +8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07RhuAtv7xKWtWKd1mp3tfK9Zs8jgKcwhlcgAdXUIc7aEATGITwDK/w5oydF+fd+Vi0rjn5zAn8gfP5A+5PjPY=</latexit>
45
<latexit sha1_base64="e6wvpGpDeWs1ItBj3neIZTgUOkw=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjHxRHYRo0eiF49o5JHAhswOvTBhdnYzM2tCCH/gxYPGePWPvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJaPZpygH9GB5CF n1FjpoXrZK5bcsjsHWSVeRkqQod4rfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7plJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dukzxUyI8aWUKa4vZWwIVWUGRtOwYbgLb+8SpqVsndRrtxXS7WbLI48nMApnIMHV1CDO6hDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AH144z7</latexit>
G
ap
<latexit sha1_base64="mZgICgFrsPVaO2RFMhI9m0MhpxM="></latexit>
10 3
<latexit sha1_base64="TTCLLKYAv0lNMJnH4zzuviARuAg=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgxbCbCHoMevEYwTwgWcPsZJIMmZ1dZnqFsOQ jvHhQxKvf482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvp35rSeujYjUA05i7od0qMRAMIpWannuY3pRnfaKJbfszkFWiZeREmSo94pf3X7EkpArZJIa0/HcGP2UahRM8mmhmxgeUzamQ96xVNGQGz+dnzslZ1bpk0GkbSkkc/X3REpDYyZhYDt DiiOz7M3E/7xOgoNrPxUqTpArtlg0SCTBiMx+J32hOUM5sYQyLeythI2opgxtQgUbgrf88ippVspetVy5vyzVbrI48nACp3AOHlxBDe6gDg1gMIZneIU3J3ZenHfnY9Gac7KZY/gD5/MHP8GO2w==</latexit>
10 2
<latexit sha1_base64="ELOQwkpgziur3z5QdA/FwxLn0xk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRV0GPRi8cK9gPaWDbbTbt0swm7E6GE/gg vHhTx6u/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6wHHC/YgOlAgFo2illuc+ZufVSa9UdivuDGSZeDkpQ456r/TV7ccsjbhCJqkxHc9N0M+oRsEknxS7qeEJZSM64B1LFY248bPZuRNyapU+CWNtSyGZqb8nMhoZM44C2xl RHJpFbyr+53VSDK/9TKgkRa7YfFGYSoIxmf5O+kJzhnJsCWVa2FsJG1JNGdqEijYEb/HlZdKsVryLSvX+sly7yeMowDGcwBl4cAU1uIM6NIDBCJ7hFd6cxHlx3p2PeeuKk88cwR84nz8+PI7a</latexit>
10 1
<latexit sha1_base64="7arJvClqdaqXYkYw3jNxyM0NQ0A=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRV0GPRi8cK9gPaWDbbSbt0swm7G6GE/gg vHhTx6u/x5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHssHM07Qj+hA8pAzaqzU8tzH7Nyb9Eplt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2bnTsipVfokjJUtachM/T2R0UjrcRTYzoi aoV70puJ/Xic14bWfcZmkBiWbLwpTQUxMpr+TPlfIjBhbQpni9lbChlRRZmxCRRuCt/jyMmlWK95FpXp/Wa7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx88t47Z</latexit>
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<latexit sha1_base64="7ON0j/UtTsjMeFPr4HpdNYdazm0=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVJIq6LHoQY+V2g9oQ9lsN+3SzSbsTsQQ6l/x4kERr/4Qb/4bt20O2vpg4PHeDDPz/FhwDY7zba2srq1vbBa2its7u3v79sFhS0eJoqxJIxGpjk80E1yyJnAQrBMrRkJfsLY/vp767QemNI/kPaQx80IylDzglICR+napB+wRspsGbph1AFwOJ3277FScGfAycXNSRjnqffurN4hoEjIJVBCtu64Tg5cRBZwKNin2Es1iQsdkyLqGShIy7WWz4yf4xCgDHETKlAQ8U39PZCTUOg190xkSGOlFbyr+53UTCC69jMs4ASbpfFGQCAwRniaBB1wxCiI1hFDFza2YjogiFExeRROCu/jyMmlVK+5ZpXp3Xq5d5XEU0BE6RqfIRReohm5RHTURRSl6Rq/ozXqyXqx362PeumLlMyX0B9bnD/5PlP4=</latexit>
L<latexit sha1_base64="USuw9P+P6LMZiGOnmBFYx7Pt3eU=">AAAE8nicjVTPb9MwFPaWAKX8WAdHLhFVtUxA1QwkuEya+CFx4FAQ 3SbVXeW4r601xwm2M1ZF/jO4cAAhrvw13PhvcNN00DZTZynK8/P3Pn/v+dlhwpnSrdafjU3HvXb9RuVm9dbtO3e3atv3DlWcSgodGvNYHodEAWcCOpppDseJBBKFHI7C01fT9aMzkIrF4qOeJNCLyEiwIaNEW1d/26k0PuzjiAnMYai7wWMM50lu+09wCJrg18A18d5gyUZjvT v79aqNto9FOpsRKePPdrazu9/uZ1jDuc5GIIwpg1wgCKXlCMu9FrMoeSgJzUoFmWy9IvMvp5O16k/WKctl2EKsUO0sIkuoVhB+UY8iwbV7mxLMMqnB8CllZ5499UXWy4X6y+SXlydP3lQbV2e/Cq25rCnnZwucKM1sxvMuneO7OdzHUfoIQ6IYtz1fxIRMDIy5aOh3/Vq91Wzl w1s1gsKoo2K0+7XfeBDTNAKhqd1fdYNWonsZkVYJB1PFqYKE0FMygq41BYlA9bL8yhqvYT0DbxhL+wnt5d7/IzISKTWJQouMiB6r5bWps2ytm+rhi17GRJJqEHS20TDlno696f33BkwC1XxiDUIls1o9Oib2rLR9Jaq2CMFyyqvG4V4zeNrce/+sfvCyKEcFPUAPkY8C9BwdoL eojTqIOrHzxfnmfHe1+9X94f6cQTc3ipj7aGG4v/4ChCi44g==</latexit>
10 8
<latexit sha1_base64="BYoZ3ugfAtMss4229fjsFDzlQIw=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgxbAbBXMMevEYwTwgWcPsZJIMmZ1dZnqFsOQjvHhQxKvf482/cZLsQRM LGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvp35rSeujYjUA05i7od0qMRAMIpWannuY3pRnfaKJbfszkFWiZeREmSo94pf3X7EkpArZJIa0/HcGP2UahRM8mmhmxgeUzamQ96xVNGQGz+dnzslZ1bpk0GkbSkkc/X3REpDYyZhYDtDiiOz7M3E/7xOgoOqnwoVJ8gVWywaJJJgRGa/k77QnKGcWEKZFvZWwkZUU4Y2o YINwVt+eZU0K2Xvsly5vyrVbrI48nACp3AOHlxDDe6gDg1gMIZneIU3J3ZenHfnY9Gac7KZY/gD5/MHR1qO4A==</latexit>
10 10
<latexit sha1_base64="zsXZuhvIf1ZeYElmpK/ZVKfnRO8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgxbAbBT0GvXiMYB6QrGF2MkmGzM6uM71CWPITXjwo4tXf8ebfOEn2oIk FDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMY3Uz95hPXRkTqHscx90M6UKIvGEUrtTz3IT3z3Em3WHLL7gxkmXgZKUGGWrf41elFLAm5QiapMW3PjdFPqUbBJJ8UOonhMWUjOuBtSxUNufHT2b0TcmKVHulH2pZCMlN/T6Q0NGYcBrYzpDg0i95U/M9rJ9i/8lOh4gS5YvNF/UQSjMj0edITmjOUY0so08LeStiQasrQR lSwIXiLLy+TRqXsnZcrdxel6nUWRx6O4BhOwYNLqMIt1KAODCQ8wyu8OY/Oi/PufMxbc042cwh/4Hz+AKwvjxM=</latexit>
10 6
<latexit sha1_base64="P3MFtJ17/EYQnwlSrylZ74ipfSg=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgxbAbRT0GvXiMYB6QrGF2MkmGzM4uM71CWPIRXjwo4tXv8ebfOEn2oIk FDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMY3U795hPXRkTqAccx90M6UKIvGEUrNT33MT27nHSLJbfszkCWiZeREmSodYtfnV7EkpArZJIa0/bcGP2UahRM8kmhkxgeUzaiA962VNGQGz+dnTshJ1bpkX6kbSkkM/X3REpDY8ZhYDtDikOz6E3F/7x2gv1rPxUqTpArNl/UTyTBiEx/Jz2hOUM5toQyLeythA2ppgxtQ gUbgrf48jJpVMreeblyf1Gq3mRx5OEIjuEUPLiCKtxBDerAYATP8ApvTuy8OO/Ox7w152Qzh/AHzucPRFCO3g==</latexit>
10 4
<latexit sha1_base64="byZAyF5XWIrk1KntJ/QSDEm1dJ0=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgxbAbA3oMevEYwTwgWcPsZJIMmZ1dZnqFsOQjvHhQxKvf482/cZLsQRMLGoqq brq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvp35rSeujYjUA05i7od0qMRAMIpWannuY3pRnfaKJbfszkFWiZeREmSo94pf3X7EkpArZJIa0/HcGP2UahRM8mmhmxgeUzamQ96xVNGQGz+dnzslZ1bpk0GkbSkkc/X3REpDYyZhYDtDiiOz7M3E/7xOgoNrPxUqTpArtlg0SCTBiMx+J32hOUM5sYQyLeythI2opgxtQgUbgrf88ippVs reZblyXy3VbrI48nACp3AOHlxBDe6gDg1gMIZneIU3J3ZenHfnY9Gac7KZY/gD5/MHQUaO3A==</latexit>
15
<latexit sha1_base64="whXPuZwZH9yiU9xQtShWrg/PLoA=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KklV9Fj04rGK/YA2lM120y7dbMLuRCih/8CL B0W8+o+8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecZxwP6IDJULBKFrpwbvslcpuxZ2BLBMvJ2XIUe+Vvrr9mKURV8gkNabjuQn6GdUomOSTYjc1PKFsRAe8Y6miETd+Nrt0Qk6t0idhrG0pJDP190RGI2PGUWA7I4pDs+hNxf +8TorhtZ8JlaTIFZsvClNJMCbTt0lfaM5Qji2hTAt7K2FDqilDG07RhuAtvrxMmtWKd16p3l+Uazd5HAU4hhM4Aw+uoAZ3UIcGMAjhGV7hzRk5L8678zFvXXHymSP4A+fzB/FUjPg=</latexit>
20
<latexit sha1_base64="Jjf8lNV9prSgxvhE0Xat+V06GnU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/Qde PCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh5rbL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif 953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtGpV76Jau7+s1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+tFjPQ=</latexit>
25
<latexit sha1_base64="lglWbAteED5xw1fskoUDIt+qCn0=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KklV9Fj04rGK/YA2lM120i7dbMLuRiih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOS MGis9VC97pbJbcWcgy8TLSRly1Hulr24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1ns0sn5NQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw2s+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpyiDcFbfHmZNKsV77xSvb8o127yOApwDCdwBh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nD/LZjPk=</latexit>
30
<latexit sha1_base64="XOJQXIcVhTzJRbkjCrU2fxFvcDg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0laQY9FLx6r2FpoQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/DEY38z8xyeujYjVA04S7kd0qEQ oGEUr3dfdfrniVt05yCrxclKBHM1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvmZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpF2revVq7e6i0rjO4yjCCZzCOXhwCQ24hSa0gEEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH+zKjPU=</latexit>
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FIG. 2. Symmetry-enriched random singlet phase.
DMRG results on eq. (3) including various perturbations (see
text). Fits f the typical and average finite size gaps, showing
a scaling compatible with the random-singlet z = ∞ scal-
ings ∆Etypical ≡ elog ∆E ∼ e−
√
L and ∆E ∼ e−L1/3 . Top-
right Inset: the splitting between the two ground states van-
ishes exponentially with system size, indicating exponentially-
localized edge modes. Bottom-left Inset: spontaneous bound-
ary magnetization in the presence of a small symmetry-
breaking magnetic field h.
model, the SBRG approach used to study Eq. (1) does
not apply here [88]. In order to establish the presence of
topological edge modes and study their interplay with
the coexisting quantum critical bulk fluctuations, we
compute the low-energy spectrum using density-matrix
renormalization group (DMRG) techniques (Fig. 2) [89,
90]. Whil DMRG cannot access system sizes as large
as SBRG, it has the advantaged of being essentially nu-
merically exact for reasonably small system sizes (L .
50 before numerical instabilities make the variational
sweeps unpractical). We find an exponentially small
in system size splitting between the two groundstates,
|↑L↓R〉 ± |↓L↑R〉 , where R and L denote the configura-
tions of the right and left edge modes, as above. The
orientation of the dge modes can be detected from the
spontaneous boundary magnetization in each eigenstate
upon addi g a small magnetic field. We observe numeri-
cally that those groundstates are separated from the first
excited states |↑L↑R〉 ± |↓L↓R〉 : critical bulk fluctuations
separate ferro- and antiferromagnetic alignments of the
edge modes, leading to a 2-fold groundstate degeneracy.
Coexisting with these topological edge modes, we find
bulk quantu critical properties characteristic of a ran-
dom singlet phase. The typical bulk gap closes as
∆Etypical ≡ elog ∆E ∼ e−
√
L, with as in the Ising case,
a broad gap distribution leading to a different scaling for
the average ∆E ∼ e−L1/3 . This stretched-exponential
gap closing is hallmark of an infinite randomness quan-
tum critical point, and is apparent in our DMRG results.
We find other signatures of random-singlet criticality, in-
5cluding a logarithmic scaling of the entanglement entropy
for the system sizes we can access [76].
Discussion. We have demonstrated the existence of
symmetry-enriched infinite-randomness fixed points with
robust topological edge modes coexisting with all the
characteristics of strong disorder quantum criticality. In
particular, we have shown that the paradigmatic ran-
dom Ising critical point and XXZ random singlet phase
come in topologically distinct versions in the presence of
an additional ZT2 or Z2 symmetry. The topological edge
modes couple non-trivially to gapless bulk fluctuations,
leading to anomalous boundary critical behavior. We
expect our findings to extend to essentially all known
strong- and infinite-randomness critical points: finding
examples of symmetry-enriched random critical points
in 2+1d [62, 91] and 3+1d represents an interesting di-
rection for future works. It would also be interesting to
investigate the consequences of our results for dynamical
properties [92–94].
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I. SPECTRUM BIFURCATION RENORMALIZATION GROUP
In this appendix, we briefly summarize the spectrum bifurcation renormalization group (SBRG) method1–3. The
basic idea of SBRG is to progressively identify conserved quantities by block diagonalization, and treat the off-diagonal
term within second order perturbation theory. The general form of a qubit model Hamiltonian can be written as
H =
∑
[µ]
h[µ]σ
[µ], (1)
where σµi (µi = 0, 1, 2, 3) are Pauli matrices acting on the ith site, and σ
[µ] ≡ σµ1 ⊗ σµ2 ⊗ σµ3 · · · denotes a string
of Pauli operators. The real coefficients h[µ] are drawn from some random distribution. To progressively diagonalize
the Hamiltonian in Eq.(1), we first find the leading energy scale term
H0 = h[µ]maxσ
[σ]max , (2)
where |h[µ]max | has the largest value among all the coefficients. We then block diagonalize term σ[µ]max by a Clifford
rotation R,
R†σ[µ]maxR = σ3[0···0], (3)
and all the other terms will be rotated by the same operator R, such that H → R†HR. As we block diagonalize
the leading energy term, the many-body spectrum bifurcates to high energy E ∼ |h[µ]max | sector, or to low energy
+ϵ1-ϵ1
+ϵ2-ϵ2+ϵ2-ϵ2
FIG. 1: Spectrum bifurcation renormalization group. Spectrum of energy generated by SBRG: at each RG steps,
the RG bifurcates into a high- and low-energy branch, corresponding to τi = ±1 respectively. Each many-body eigenstate
corresponds to a leaf of the tree, uniquely labelled by the values {τi = ±1}.
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FIG. 2: Entanglement scaling in the symmetry-enriched random singlet phase. Bipartite entanglement entropy vs
system size in the groundstate of the symmetry-enriched random singlet phase, computed using DMRG. The numerical results
are consistent with the random singlet phase prediction S ∼ log 2/6 logL (solid lines).
E ∼ −|h[µ]max | sector. We now reduce the other leftover Hamiltonian to either sector. The Hamiltonian can be
separated into the following three terms:
H = H0 + ∆ + Σ, (4)
where ∆ are the terms that commute with the leading term H0, and Σ are the terms that anti-commute with
H0. We will renormalize the off-diagonal term Σ using second order perturbation theory, H → S†HS, with S =
exp
(−H0Σ/2h[µ]max). The effective Hamiltonian reads
H = H0 + ∆ +
1
2h2[µ]max
H0Σ
2 +O
(
1
2h3[µ]max
)
. (5)
And we will only keep terms generated up to 2nd order in perturbation theory. We then repeat this procedure at
O(N) times to fully diagonalize the original many-body Hamiltonian. At the end of RG flow, we will obtain the
effective Hamiltonian
Heff =
∑
i
iτi +
∑
i<j
ijτiτj + · · · , (6)
where τi = ±1 are the emergent conserved quantities.
The whole RG transformation can be summarized as a unitary transformation,
URG = R1S1R2S2 · · · =
∏
i
RiSi, (7)
and H → U†RGHURG ≈ Heff. The eigenstates can be labeled by a vector of conserved quantities, i.e. |τ〉 =
|τ1 = 1, τ2 = −1, · · ·〉 . We can effectively calculate the expectation value of any physical observable Oˆ in the {τi} basis
as
〈ψ| Oˆ |ψ〉 = 〈ψ|URGU†RGOˆURGU†RG |ψ〉 = 〈τ | Oˆeff |τ〉 . (8)
The entanglement entropy can also be efficiently calculate using the stabilizer formalism1,4.
II. ADDITIONAL DMRG DATA
We used the ITensor library5 to perform DMRG simulations of the disordered symmetry-enriched random singlet
Hamiltonian, using bond dimension χ ∼ 500. We considered system sizes L = 2N = 12, 16, 20, . . . , 48, where N is
3the number of spins per species A,B. The number of disordered realizations ranged from ∼ 6000 (for the largest
system size L = 48) to 3 × 104. We found that a large number of disorder realizations was necessary to observe
the expected random singlet quantum critical behavior. However, the topological edge modes can be observed on
individual disorder realizations. In particular, the entanglement entropy (Fig. 2) (using open boundary conditions,
with the entanglement cut in the middle of the system) grows logarithmically with system size L, with a prefactor
compatible with the prediction S ∼ log 26 logL6.
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